Test 2 - Math Thought
Dr. Graham-Squire, Spring 2016 0{ 5

Name: }&‘7 \0"’6
[ 22

I pledge that I have neither given nor received any unauthorized assistance on this exam.

(signature)

DIRECTIONS

{1} Don'’t panic.

(2} Show all of your work and use correct notation. A correct answer with insufficient

work or incorrect notation will lose points. .

(3) You are required to do the first 4 questions on the test. For questions 5 through 8,
you only need to do three of the questions. It is fine if you do all four of the questions
9-8, though-I will grade them all and just give you the points for the top 3 scores.

(4) There is a take-home portion of the test as well, and it is two problems.

(5) Cell phones and computers are not allowed on this test. Calculators are allowed,
though it is unlikely that they will be helfpul.

(6) Make sure you sign the pledge above.

(7) Number of questions = 8 in-class, 2 take-home, Total Points = 50.



(1) (6 points) Prove that
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/ whenever 7 is a positive integer.
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(2) (4 points) Let A and B be sets. Is (A x B)¢ = A® x B®? If so, prove it. If not, give
a counterexample. ,
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(3) (3 points) Give an example of functions ¢ : B — C and f : A — B such that
gof:A— Cis an injection, but g : B — C is NOT an injection. (Note: you can
use “real” functions that involve algebraic expressions, but arrow diagrams of proofs
are also okay. No matter what, make sure you clearly show what the functions are,

and what their domain/codomains are.)
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(4) (4 points) Is the function g : Z x Z — Z given by g(x,y) = 5z + 10y an onto
(surjective) function? If so, prove it. If not, find a counterexample.
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For the next four problems, I will only give you the top three scores. So you can
choose to do only three (and skip ene problem), or you can do all of them, and I will
grade all four and drop the lowest score of the four.

(5) (6 points) Consider the distributive property (AN B)UC = (AU C)n(BUC).
Prove one subset inclusion for this equation (you do NOT need to prove both subset

inclusions, only one).
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(6) {6 points) Let A, B and C be sets. Prove that AU(BNC) Cf{B - (AU C]) Note:
a Venn diagram may help your thinking, but it is not sufficient as a proof. You can
also use the attached list of set properties, if you would like.
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(7) (6 points) Using the ordered pair definition of function, we say that a set of ordered
pairs {(a,b)}a € A and b € B} represents a function f : A — B if the set has the
following two properties:

(a) For all z € A, there exists an ordered pair (z,b) in the set.

(b) For all z € A, if there exist ordered pairs (z, b) and (z,¢) in the set, then b = c.
Use the definitions above to explain why a function must be both injective (one-

to-one) and surjective (onto) in ordered to have an inverse function f~': B — A

defined.
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(8) (6 points) Let f : A — B and g: B ~ C be functions. Prove that if go f : A — C
is an injection, then f: A — B is an injection.
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Extra Credit (up to 2 points) Choose 0.5 or 2 points. If you choose 0.5, you are
guaranteed to get one-half of an extra credit point. If you choose 2, and four or more
other students in the class choose 2, then everyone who chose 2 gets no extra credit.
If fewer than 5 students in the class choose 2, then everyone who puts a 2 gets 2 extra
credit points.

A 65
AW M



List of set properties:

« AN(BUC) = (ANB)U(ANC)
s AU(BNC)=(AUB)N(AUC)
s A—B=AnNkB"

e (ANB) = AcU B°

e (AUB) = A°N B

e AC Bifand only if B® C A°



Test 2 - Math Thought

Dr. Graham-Squire, Spring 2016 JU9q

Take-home portion of the test e ';7
Name: 1&7 — | Jhreen SV Aeols

pffrh .

I pledge that I have neither given nor received any unauthorized assistance on this
take-home portion of the exam.

(signature)

DIRECTIONS

(1} Don't panic.

(2) Show all of your work and use correct notation. A correct answer with insufficient

work or incorrect notation will lose points.

(3) You should do both questions to the best of your ability.

(4) Cell phones and computers are not allowed on this test. Calculators are allowed,
though it is unlikely that they will be helfpul. It should go without saying (but I am
saying it here anyway) that you should not speak to anyone else about any of the
questions on this portion of the test until our next class (Wednesday) when it is due.

(5) Make sure you sign the pledge above.

(6) Number of questions = 2. Total Points = 10.



(1) (5 points) Let f: R — R given by f(z) = 2z + 1.

(a) Calculate an expression for the composition of f with itself. That is, find an
expression for (f o f)(z).

(b) Calculate an expression for the composition of f with fo f. That is, find an
expression for((f o f) o f)(z).

(c) Let f* be defined as the composition of f with itself n times. Thus the answer
for (a} could be written as (f o f)(z) = f%(z), and the answer for (b) would be
((fo f)o f)(z) = f3(z). Calculate more compositions (if necessary) to find a general
expression (in terms of z, n and possibly some numbers) for f*(z).

(d) Use induction to prove that your answer for (c) is correct.
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(2) (5 points) Use induction and the distributive property
(A1NA)UB=(A UBYN(4AyU B) =

to prove that for all n € Z*, n > 2, if Ay, As, ..., A, and B are sets then

(A NAnN---NA)UB=(4 UB)N(4AUuB)N---N (A, UB).
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